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1.
1 , Young . ,
$\lambda$ - .
Young :
Young . 2 $a,$ $b>0$ ,
(1.1) $\lambda a+(1-\lambda)b\geq a^{\lambda}b^{1-\lambda}$
, $\lambda\in[0,1]$ t .
, , $H$ .
(1.1) ,
. $A$ $B$ ( ) . $\lambda\in[0,1]$ , $\lambda$
$\nabla\lambda$ , :
(1.2) $B\nabla\lambda A:=\lambda A+(\mathrm{I}-\lambda)B$ .
, $\lambda$ $\#\lambda$ :
(1.3) $B\#\lambda A:=B^{\frac{1}{2}}(B^{-\frac{1}{2}}AB^{-\frac{1}{2}})^{\lambda}B^{\frac{1}{2}}$ .
$\lambda$ , F.Kubo &TAndo [3] . -
, Young :
Young . $A$ $B$ . ,
(1.4) $B\nabla\lambda A\geq B\#\lambda A$
, $\lambda\in[0,1]$ .
Young (1.4) , (order)
. , , 2
. , $m$ $M$ , $0<m<M$ . ,
$L(m, M)$ (cf. [2]) , :
$L(m, M):= \frac{M-m}{\log M-\log m}$ $(L(x,x)=x)$ .
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$\mathrm{A}^{\backslash }\}\subset,$ $\not\in\ovalbox{\tt\small REJECT} S(h)\xi^{\backslash }*\sigma 2\mathrm{k}\check{o}\}^{\wedge}.\not\in\emptyset$ :
$S(h):= \frac{h^{\frac{1}{h-1}}}{e1\mathrm{o}\mathrm{g}h^{\frac{1}{h-1}}}$ $(h>0, h\neq 1)$ .
, Specht ratio [1], [4] , ,
. , $M>m>0$ 2 $m,$ $M$ ,
$X:\in[m, M](i=1,2, \cdots, n)$ ,
(1.5) $S(h) \sqrt[\mathrm{L}]{x_{1}x_{2}\cdots x_{n}}\geq\frac{x_{1}+x_{2}+\cdots+x_{n}}{n}(\geq\sqrt[\mathrm{B}]{x_{1}\cdots x_{n}}$ $(h= \frac{M}{m})$
. , $h$ } , Turing [7] condition number .
, Young (1.4) . , ,
(1.4) , $\lambda\in[0,1]$
: $0<m\leq A,$ $B\leq M$ $A,$ $B$ , .1
$S(h)B\#\lambda A\geq B\nabla\lambda A(\geq B\#\lambda A)$ $(h= \frac{M}{m}>1)$
. , , , (1.4)
$hL(m, M)\log S(h)\geq B\nabla\lambda A-B\#\lambda A(\geq 0)$ .
2. Specht ratio
2 Young , Specht ratio
. , Specht ratio .
2.1. ( $\mathrm{J}.\mathrm{I}$ . $\mathrm{i}\mathrm{i}$) $S(t)$ , $0<t<1$ , $t>1$
. , :
$S(1)=1$ and $S(t)=S( \frac{1}{t})$ for all $t>0$ .
. $S(1)=1$ , L’Hospital :
$\lim_{tarrow 1}\log S(t)=\lim_{tarrow 1}\log\frac{t^{\frac{1}{t-1}}}{e1\mathrm{o}\mathrm{g}t^{\frac{1}{t-1}}}=1\dot{\mathrm{m}}_{1}tarrow(\frac{1\mathrm{o}\mathrm{g}t}{t-1}-1-\log\frac{1\mathrm{o}\mathrm{g}t}{t-1})$
$= \lim_{tarrow 1}(\frac{\acute{1}}{t}-1-\log\frac{1}{t})=0$ .
, $( \frac{1}{t})^{\ulcorner^{1}-1}=t^{\frac{t}{t-1}}=t\cdot t^{\frac{1}{t-1}}$ :
$S( \frac{1}{t})=\frac{(\frac{1}{t})\mathrm{F}^{1}--1}{e1\mathrm{o}\mathrm{g}(\frac{1}{t})^{\ulcorner^{1}-1}}=\frac{t\cdot t^{\frac{1}{t-1}}}{e1\mathrm{o}\mathrm{g}t^{\frac{t}{t-1}}}=\frac{t^{\frac{1}{t-1}}}{e1\mathrm{o}\mathrm{g}t^{\frac{1}{t-1}}}=S(t)$ .
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{ , $\log S(t)$ ,
$\log S(t)=$. $\frac{d}{dt}(\frac{1\mathrm{o}\mathrm{g}t}{t-1}-1-\log\frac{1\mathrm{o}\mathrm{g}t}{t-1})=\frac{\frac{1}{t}(t-1)-\log t}{(t-1)^{2}}-\frac{t-1}{1\mathrm{o}\mathrm{g}t}\cdot\frac{\frac{1}{t}(t-1)-\log t}{(t-1)^{2}}$$\frac{d}{-[perp]},\log S(t)=$ $\frac{d}{-1},\mathrm{r}_{\frac{\log t}{\tau}-1-\log}$.$\overline{dt}.\overline{dt}1\cdot 5\backslash \iota,/-(\overline{t-1}\overline{t-1})-[perp]-1\cup \mathrm{g}=-\overline{(t-1)^{2}}\overline{\log t}$ . $\overline{(t-1)^{2}}$$dt$ . $\backslash J$ $dt\backslash t-1$ $t-1$ ) $(t-1)^{l}$. $\log t$ $(t-1)^{l}$.
$= \frac{(\log t-t+1)(1-\frac{1}{t}-\log t)}{(t-1)^{2}1\mathrm{o}\mathrm{g}t}$.
, Klein ($t>0$ $1- \frac{1}{t}\leq\log t\leq t-1$ )
$t>1$ $\frac{d}{dt}\log S(t)>0$ , , $S(t)$ , $[1, \infty)$ . ,
, $S(t)$ , $(0, 1)$ .
, Specht ratio :
2.2. $a\geq 1$ , :
(2.1) $L(1, a) \geq S(a)(=S(\frac{1}{a})\geq 1\geq L(1, \frac{1}{a}))$ .
. $a=1$ , $L(1,1)=S(1)=1$ (2.1) .
$a>1$ , Klein $\log\frac{a^{a-}\star}{e}=$ $<0$ ,
$S(a)= \frac{a^{\frac{1}{a-1}}}{e}\frac{a-1}{1\mathrm{o}\mathrm{g}a}<\frac{a-1}{1\mathrm{o}\mathrm{g}a}=L(1, a)$
, (2.1) . $\text{ }$
, Specht ratio $S(t)$ , $L(1, t),$ $L(1, \frac{1}{t})$
. , 21, 22 .
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3. Young
, Young , , $B\#\lambda A$ $B\nabla\lambda A$
.
31. r Young . , Young (1.4)
:
3.1. $A$ $B$ , $0<m\leq A,$ $B\leq M$ , $h= \frac{M}{m}>1$ .
,
(3.1) $S(h)B\#\lambda A\geq B\nabla\lambda A(\geq B\#\lambda A)$
, $\lambda\in[0,1]$ .
3.1 , , . , Young (1.1)
:
3.2. $a>0$ ,
(3.2) $S(a)a^{\lambda}\geq\lambda a+(1-\lambda)(\geq a^{\lambda})$
, $\lambda\in[0,1]$ .
, $a,$ $b>0$ ,
(3.3) $S( \frac{a}{b})a^{\lambda}b^{1-\lambda}\geq\lambda a+(1-\lambda)b(\geq a^{1-\lambda}b^{\lambda})$
, $\lambda\in[0,1]$ .
. $a\neq 1$ . $b=1$ Young (1.1) $f_{a}(\lambda)$
:
$f_{a}( \lambda):=\frac{\lambda a+(1-\lambda)}{a^{\lambda}}=\frac{(a-1)\lambda+1}{a^{\lambda}}=\{(a.-1)\lambda+1\}a^{-\lambda}$ $(\lambda\in[0,1])$ .
, $\lambda\in[0,1]$ $f_{a}(\lambda)$ ,
$S(a)=\approx e\log a^{a-}$ . ,
a
$f_{a}’(\lambda)=[(a-1)-\{(a-1)\lambda+1\}\log a]a^{-\lambda}$ .
, $f_{a}’(\lambda)=0$ , $\lambda=\lambda_{a}$ :
$\lambda_{a}=\frac{1}{a-1}(\frac{a-1}{1\mathrm{o}\mathrm{g}a}-1)=\frac{1}{\log a}-\frac{1}{a-1}(\in[0,1])$ .
$\lambda_{a}\in[0,1]$ &i, Klein . ,
$f_{a}’(\lambda)>0$ for $\lambda<\lambda_{a}$ and $f_{a}’(\lambda)<0$ for $\lambda>\lambda_{a}$
, $f_{a}(\lambda)$ , \lambda =\lambda , ,
$0 \leq\lambda\leq 1\max f_{a}(\lambda)=f_{a}(\lambda_{a})=\frac{\frac{a-1}{1\mathrm{o}\mathrm{g}a}}{a^{-\frac{1}{a-\mathrm{l}}+}\frac{\circ ae1}{\mathrm{e}}}=\frac{a^{a\frac{1}{e-1}}}{e1\mathrm{o}\mathrm{g}a^{\frac{1}{a-1}}}=S(a)$
.
$a=1$ , (3.2) , 21 $(S(1)=1)$ .
(3.3) , (3.2) $a$ $\frac{a}{b}$ .
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32 , 3.1 :
3.1 . $C$ , $0<m\leq C\leq M$ . ,
(3.2) ,
$\max_{m\leq t\leq M}S(t)C^{\lambda}\geq\lambda C+(1-\lambda)$
, $\lambda\in[0,1]$ 1 . , $[m, M]$ $S(t)$ ,
2.1 $\max\{S(m), S(M)\}$ ,
(3.4) $\max\{S(m), S(M)\}C^{\lambda}\geq\lambda C+(1-\lambda)$ .
, (3.4) $\text{ }.’ C:=B^{-\frac{1}{2}}AB^{-\frac{1}{2}}$ , $\frac{m}{M}\leq B^{-\frac{1}{2}}AB^{-\frac{1}{2}}\leq\frac{M}{m}$ , i.e.,
$\frac{1}{h}\leq B^{-\frac{1}{2}}AB^{-\frac{1}{2}}\leq h$
$S(h)(B^{-\frac{1}{2}}AB^{-\frac{1}{2}})^{\lambda}\geq\lambda B^{-\frac{1}{2}}AB^{-\frac{1}{2}}+(1-\lambda)$
, 2.1 $S(h)=S( \frac{1}{h})$ . , $B^{\frac{1}{2}}$
,
$S(h)B^{\frac{1}{2}}(B^{-\frac{1}{2}}AB^{-\frac{1}{2}})^{\lambda}B^{\frac{1}{2}}\geq\lambda A+(1-\lambda)B$,
, (3.1) .
32. r Young . , Young (1.4)
, , $B\nabla\lambda A-B\#\lambda A(\geq 0)$ :
33. $A$ $B$ , $0<m\leq A,$ $B\leq M$ , $h= \frac{M}{m}>1$ .
,
(3.5) $hL(m, M)\log S(h)\geq B\nabla\lambda A-B\#\lambda A(\geq 0)$
, $\lambda\in[0,1]$ .
33 , Young (1.1)
3.4. $a>0$ ,
(3.6) $L(1, a)\log S(a)\geq\lambda a+(1-\lambda)-a^{\lambda}(\geq 0)$
, $\lambda\in[0,1]$ 1 . , $a,$ $b>0$ ,
(3.7) $L(a, b) \log S(\frac{a}{b})\geq\lambda a+(1-\lambda)b-a^{\lambda}b^{1-\lambda}(\geq 0)$
, $\lambda\in[0,1]$ .
. $a\neq 1$ . , $b=1$ Young (1.1)
$g_{a}(\lambda)$ :
$g_{a}(\lambda):=\lambda a+(1-\lambda)-a^{\lambda}=(a-1)\lambda+1-a^{\lambda}$ .
$g_{a}(\lambda)$ .
(3.8) $g_{a}’(\lambda)=(a-1)-a^{\lambda}\log a$
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, $g_{a}’(\lambda)=0$ , $\lambda=\lambda_{a}$ $\ovalbox{\tt\small REJECT}$
$\lambda_{a}=\log_{a}\frac{a-1}{1\mathrm{o}\mathrm{g}a}=\frac{1\mathrm{o}\mathrm{g}\frac{a-1}{1\mathrm{o}\mathrm{g}a}}{1\mathrm{o}\mathrm{g}a}$ .
$\lambda_{a}\in[0,1]$ , Klein . , (3.8) , $\oint_{a}’(\lambda)=-a^{\lambda}(\log a)^{2}<$
$0$ , $g_{a}(\lambda)$ \lambda =\lambda $\text{ }$
.
. ,
$0 \leq\lambda\leq 1\max g_{a}(\lambda)=g_{a}(\lambda_{a})$
$=(a-1) \frac{1\mathrm{o}\mathrm{g}\frac{a-1}{1\mathrm{o}\mathrm{g}a}}{1\mathrm{o}\mathrm{g}a}+1-\frac{a-1}{1\mathrm{o}\mathrm{g}a}=\frac{a-1}{1\mathrm{o}\mathrm{g}a}(\log\frac{a-1}{1\mathrm{o}\mathrm{g}a}+\frac{1\mathrm{o}\mathrm{g}a}{a-1}-1)$
$= \frac{a.-1}{1_{\wedge\sim-}}\mathrm{l}\mathrm{o}\mathrm{g}.\frac{a^{\frac{1}{a-1}}}{\underline{1}}=L(1, a)\log S(a)$ .
$\log$a–o $e\log a^{\frac{1}{a-1}}$
.
$a=1$ , (3.6) , 21 $(S(1)=1)$ .
(3.7) , (3.6) , $a$ $\frac{a}{b}$ .
3.4 , 33
3.3 . $C$ , $0<m\leq C\leq M$ . ,
(3.6) ,
(3.9) $\max_{arrow \mathrm{z}arrow\cdot\prime}L(1,t)\log S(t)\geq\lambda C+(1-\lambda)-C^{\lambda}(\geq 0)$
’
$m\leq t\leq M$
- - -
, $\lambda\in[0,1]$ . , (3.9) $C$ $B^{-\frac{1}{2}}AB^{-\frac{1}{2}}$
$|_{\sim}^{-}\ovalbox{\tt\small REJECT} \text{ }\Phiarrow*\iota\Phi\check{\mathrm{x}}\}$\lambda \check \breve \rightarrow $\ovalbox{\tt\small REJECT}_{\text{ }^{}\check{}}$ $\text{ }.\text{ }21\text{ }’ \text{ }$ g–$m$ $\text{ }\lambda\in[0,1B^{-\frac{1}{2}}AB^{-\frac{1}{2]}}$ *–$Mm\backslash l$ ’$\text{ }$ , $\frac{1}{h}\leq B^{-\frac{1}{2}}AB^{-\frac{1}{2}}\leq h$ .
$L(1, h)\log S(h)\geq\lambda B^{-\frac{1}{2}}AB^{-\frac{1}{2}}+(1-\lambda)-(B^{-\frac{1}{2}}AB^{-\frac{1}{2}})^{\lambda}$
. , $B^{\frac{1}{2}}$ ,
$L(1, h)\log S(h)B\geq\lambda A+(1-\lambda)B-B^{\frac{1}{2}}(B^{-\frac{1}{2}}AB^{-\tau})^{\lambda}B^{\frac{1}{2}}1$
, , (3.5) .
, , , [5], [6] .
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